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Abstract: The forward Drell–Yan process in pp scattering at the LHC at
√
S = 14 TeV
is considered. We analyze the Drell–Yan structure functions assuming the dominance of a
Compton-like emission of a virtual photon from a fast quark scattering off the small x gluons.
The color dipole framework is applied to perform quantitatively the twist decomposition
of all the Drell–Yan structure functions. Two models of the color dipole scattering are
applied: the Golec-Biernat–Wüsthoff model and the dipole cross section obtained from
the Balitsky–Fadin–Kuraev–Lipatov evolution equation. The two models have essentially
different higher twist content and the gluon transverse momentum distribution and lead to
different significant effects beyond the collinear leading twist description. It is found that
the gluon transverse momentum effects are significant in the Drell–Yan structure functions
for all Drell–Yan pair masses M , and the higher twist effects become important for M .
10 GeV. It is found that the structure function WTT related to the A2 angular coefficient
and the Lam–Tung observable A0−A2 are particularly sensitive to the gluon kT effects and
to the higher twist effects. A procedure is suggested how to disentangle the higher twist
effects from the gluon transverse momentum effects.
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1 Introduction
The Drell–Yan process is a classical probe of the proton structure and of the strong in-
teractions in hadron collisions [1]. The experiments operating at the Large Hadron Collider
have already detected large statistic of the Drell–Yan dileptons and measured the differen-
tial Drell–Yan cross sections as functions of several kinematical variables [2–9]. In particular
the angular distributions of the dileptons were measured at the Z0 peak that allow the de-
termination of the Drell–Yan structure functions at the mass close to the Z0 boson mass
[6, 9]. The Drell–Yan measurements when extended to the low mass region, M < 10 GeV,
may be used to provide unique information about parton densities in the proton at a very
low x, at or below x = 10−5 [10]. In this kinematic region of the low M and very small x
the higher twist corrections may affect significantly the Drell–Yan cross section and hence
the parton density function determination from the data, see e.g. Ref. [11, 12]. Therefore,
in order to achieve the highest precision of the parton density function determination the
higher twist corrections should be taken into account in the analysis. Unfortunately not
much is known about the higher twist contributions to the proton structure. The sub-
leading twist 4 corrections are represented by a set of independent operators whose matrix
elements have not been measured yet, see e.g. Refs. [13, 14]. Therefore in the estimates of
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the higher twist corrections to proton scattering cross sections it is still necessary to relay
on models. An approach to model of the higher twist effects in high energy scattering at
small x was proposed on the basis of the Golec-Biernat–Wüsthoff (GBW) saturation model
[15], that provides an efficient unified picture of the high energy scattering down to very low
scales where multiple scattering and higher twist effects are expected to contribute. The
framework for extraction of the twist components from the GBW model was formulated
for the DIS at HERA in [16, 17], then further developed and applied to the diffractive DIS
at HERA [18] and the forward Drell–Yan cross sections [11, 12]. Within this framework
an evidence of the higher twist corrections to DDIS structure functions was found in [18]
and recently, a related approach revealed an evidence of the higher twist corrections to the
proton structure functions at small x [19].
A framework that is capable to provide a QCD guideline for extending theoretical
analysis beyond the twist 2 collinear approach, is the kT factorization formalism [20–24].
The treatment of the forward Drell–Yan process within the kT factorization was initially
proposed in [25] in the color dipole representation [26], and then further developed and
applied to data analysis in numerous papers, see e.g. Refs. [27–31]. Later on also the
momentum representation of the forward and general Drell–Yan process were elaborated
in detail [32, 33]. The dipole formulation of the forward Drell–Yan scattering was used to
obtain the twist decomposition of the Drell–Yan cross section integrated over the dilepton
angular distribution [11]. In the latter analysis the GBW of the QCD dipole cross section
was assumed. In a recent paper [12] we prepared the theoretical framework to extend this
type of twist analysis to all the Drell–Yan structure functions. We also discuss there in more
detail earlier estimates of the higher twist content of the Drell–Yan cross section performed
in Refs. [34–40].
In the present paper we apply the results of our earlier paper [12] to perform quan-
titative estimates of the higher twist contributions to the Drell–Yan structure functions
based on the GBW saturation model [15]. Moreover we derive the analytic formulae for
the twist decomposition of the forward DY structure functions assuming the Balitsky–
Fadin–Kurayev–Lipatov (BFKL) pomeron exchange [21, 22]. The two approaches assume
an essentially different dynamics of multiple hard scattering and have an essentially dif-
ferent twist content. In the GBW model a simple eikonal picture of multiple scattering
is applied corresponding to the resummation of independent single exchanges. This leads
to the higher twist amplitudes strongly enhanced by inverse powers of x at small x. The
BFKL pomeron exchange amplitude emerges as a QCD result obtained from the resum-
mation of the leading logarithms of x. The BFKL pomeron exchange implicitly carries
higher twist contributions which, however, are power suppressed by the positive powers of
x at small x [41] in striking contrast to the eikonal picture. Also, in the BFKL amplitude
the multiple gluon ladder exchanges leading to higher twist contributions are correlated,
whereas they are not correlated in the eikonal picture.
The two considered pictures of multiple gluon exchange differ also in the kT shapes of
the gluon transverse momentum distribution (TMD). The GBW model leads to a narrow,
quasi-collinear gluon kT distribution with the width scale given by the saturation scale, that
is O(1 GeV), and the BFKL evolution generates a wide, power-like transverse momentum
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distribution with the asymptotic (at a very small x) positive anomalous dimension of 1/2,
leading to ∼ 1/kT behavior of the gluon TMD F(x, k2T ). Since both the initial parton kT
and the higher twist effects influence the Drell–Yan structure functions, it is desirable to
analyze and disentangle them. The two considered models are particularly useful for this
purpose as the GBW model introduces sizable higher twist effects and very small gluon
kT , whereas the BFKL exchange generates gluons with large kT but it leads to very small
higher twist corrections at small x.
The color dipole description of the Drell–Yan process incorporates small x resummation
effects and a multiple scattering resummation (within a model). In particular the Drell–
Yan description with BFKL amplitudes may be related to an analysis of small x effects
in the DY scattering performed in Ref. [42]. The Drell–Yan process, however, receives
large perturbative QCD corrections also in the limit of qT  M and from soft gluon
radiation near the partonic threshold energy. They are not included in the standard form
of the dipole models. In particular the corrections coming from the small qT region of the
cross section introduce at all orders n of the perturbative expansion terms enhanced by
double logarithms ∼ αns log2n−1(q2T /M2), and also subleading logarithmic corrections [43].
Furthermore, it was shown by Collins, Sterman and Soper (CSS) [43] that in the relevant
small qT region these corrections may be resummed or parameterized by a universal non-
perturbative transverse momentum dependent parton distribution at very small qT . It
was proven that the contribution of the resummed corrections of this type cancel after qT
integrations [44], but it is essential for the correct description of the Drell–Yan qT -dependent
cross section at small qT . Recently the problem of joint resummation of small x effects and
the transverse momentum logarithms was addressed [45, 46] providing important results
for analyses of the qT dependent DY distribution at small x. The scheme for the joint
resummations of transverse momentum logarithms and threshold correction is also available
(see e.g. [47–49]) but it is expected to have less impact on the small x cross section. To
summarize, the dipole model and BFKL predictions for the qT dependent DY cross sections
need an improvement by the CSS resummation but the effects of this resummation cancel
in the qT integrated cross section.
The paper is organized as follows. In section 2 one can find basic definitions of the
Drell–Yan structure functions Wj and of two models, the BFKL exchange, and the GBW
saturation model. In the next section the procedure of the twist decomposition is discussed.
The numerical predictions can be found in section 4. These predictions are presented in
terms of the dimensionless structure functions Ai commonly used for data presentations.
Section 5 contains definitions of the structure functions W˜i integrated over the lepton pair
transverse momenta. It also contains a discussion of their twist decomposition which re-
quires some attention due to apparent singularities. In section 6 numerical results are
presented in terms of the A˜i and invariant λi structure functions. The conclusions are
given in section 7.
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2 Structure functions in Drell–Yan processes
The DY helicity structure functions Wj are defined through the formula for the differ-
ential cross section [50, 51]
dσ
dxFdM2dΩd2qT
=
α2em
2(2pi)4M4
[
(1− cos2 θ)WL + (1 + cos2 θ)WT + (sin2 θ cos 2φ)WTT
+ (sin 2θ cosφ)WLT ] , (2.1)
where M is the lepton pair invariant mass, qT — the transverse momentum of the virtual
photon and xF — its Feynman parameter. (θ, φ) are the polar and azimuthal angles of
the lepton momentum vector in the dilepton c.m.s. frame. The frame orientation is not
unique, and the most common frame choices are the Collins–Soper frame [52] and the
Gottfried–Jackson frame [53]. In this paper we apply the description of the forward Drell–
Yan process in the color dipole formulation. This formulation [25] assumes the dominance
of the Compton-like partonic channel in which the fast collinear quark q, coming from one
of the protons scatters off the color field of the other proton by single or multiple virtual
gluon g∗ exchanges. At the lowest order the perturbative partonic channel for the forward
Drell–Yan process with an intermediate γ∗ is qg∗ → q′γ∗ → q′l−l+, where l− and l+
denote the produced leptons. The detailed description of the kinematics, and the relevant
diagrams may be found in Ref. [12]. Hence, in the kT factorization approach within the
color dipole picture defined in [25, 27] one can show that in the Gottfried–Jackson frame
the DY structure functions may be expressed as,
Wj =
∫ 1
xF
dz ℘(xF /z)
∫
C
ds
2pii
σ˜(s)
(
z2Q20
M2(1− z)
)−s
Φˆj(qT ,−s, z), (2.2)
where z is the longitudinal momentum fraction of the initial state quark taken by the
virtual photon, ℘(xF /z) is a collinear parton distribution function and σ˜(s) is a color
dipole – proton cross section in the Mellin representation. The parameter Q0 is the Mellin
transform scale. The leptonic impact factors Φˆi calculated in [12] can be found in Appendix
A.1. The integration contour in the complex plane is taken as C = (−1/2−i∞,−1/2+i∞).
We consider two models for the description of the color dipole cross section:
1. The GBW model [15] in the form:
σ(ρ) = σ0(1− e−ρ2), where ρ = rQ0(x)/2, (2.3)
where Q0 is the saturation scale, Q20(x) = (xˆ0/x)λ GeV2. The Mellin transform of the
GBW dipole cross section w.r.t. the ρ2 is equal to σ˜GBW (s) = −σ0Γ(s). The parameter
values of the original GBW model [15] are applied: λ = 0.288, σ0 = 23.03 mb, and the
value of xˆ0 = 6.08 · 10−4 is chosen to be two times larger than the original GBW value
x0 = 3.04 · 10−4 obtained from the description of the DIS data [15]. This modification was
introduced because for the DIS data description the x variable in the dipole cross section
was set to the threshold value of the gluon xg, that is to x = Q2/W 2 (where W in the
proton–γ∗ collision energy), while in our DY description with qT -dependence the gluon
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xg is derived from the exact kinematics instead of using its threshold value, see Eq. 2.7.
To be more specific, in the kT -factorization picture of the DIS at small x with the exact
kinematics, the value of gluon xg in the γ∗g → qq¯ process depends on the virtual photon
Q2 and on the mass MX of the produced qq¯ state: xg ' (Q2 + M2X)/W 2, (see e.g. [54]
for the detailed discussion). Since the typical mass of the produced partonic qq¯ state from
the γ∗ fragmentation is MX ∼ Q, the approximate value of the gluon xg in the DIS is
significantly larger than its threshold value Q2/W 2 and may be approximately estimated
as xg ' 2Q2/W 2 = 2x. So, if one treats the GBW dipole cross section as a function of true
gluon xg instead of its threshold limit x, as we do for the qT -dependent DY cross section, it
is necessary to rescale the model parameter x0 to approximately 2x0. Then at given values
of the observed parameters Q2 and W 2, the dipole cross section expressed through xg ' 2x
and the rescaled parameter 2x0 is the same as the dipole cross section expressed through
x and x0. Our default choice for the figures in the paper is the parameter xˆ0, but as the
described treatment of the gluon kinematics is only approximate, we shall also explicitly
display the sensitivity of selected observables to the choice of between the original GBW
value x0 and the rescaled value xˆ0 of the dipole cross section.
2. The BFKL dipole cross section based on the solution of the leading-order (LO)
BFKL equation [22] with the GBW input at a chosen value of x: xin = 0.1. The solution
in the Mellin space reads
σ˜BFKL(s, Y ) = −σ′0Γ(s)eα¯sχ(s)Y . (2.4)
where χ(s) is the LO BFKL characteristic function
χ(s) = 2ψ(1)− ψ(−s)− ψ(1 + s), (2.5)
expressed through the digamma function ψ. The cross section parameter σ′0 = 2piR2p where
Rp is an effective radius of the proton which emerges after integration of an imaginary
part of the forward dipole-nucleon scattering amplitude over the impact parameter b. The
rapidity evolution length Y is given by
Y = log
(
xin
xg
)
, (2.6)
where the value of gluon xg follows from the kinematics of the forward Drell–Yan process
in the qg∗ → qγ∗ channel:
xg =
(1− z)M2 + q2T
S xF (1− z) , (2.7)
with S denoting the invariant mass squared of the pair of colliding proton beams. In
equation (2.4) we adopted the eikonal form of the initial condition for the BFKL evolution,
coming the Golec-Biernat–Wüsthoff (GBW) model [15]:
σBFKL(r, Y = 0) = σ
′
0(1− e−r
2Q¯20/4). (2.8)
The model parameters were set by the fit to the DIS data [41] and read α¯s = 0.087,
Q¯0 = 0.51 GeV, σ′0 = 17.04 mb.
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Figure 1. Predictions of the GBW and BFKL models compared to data for the total DY cross
section from LHCb experiment [55]. Horizontal error bars represent the bin sizes. The vertical
error bars for the GBW model (within the point size) reflect the sensitivity of the predictions to
the choice of the dipole model parameter x0, see the discussion below Eq. (2.3).
In our analysis we shall perform the twist decomposition of the DY structure functions
obtained with the two model cross sections. Prior to that however, we test the reliability
of the description by comparing the predictions for the forward Drell–Yan cross sections
integrated over the lepton angles to the LHCb data. The results are shown in Fig. 1 as
functions of the DY pair mass M for both dipole cross section models. In the cross section
calculations the kinematical cuts were taken from [55] with an approximate treatment of
the lepton transverse momentum (to be precise — when we impose the LHCb cuts on the
lepton transverse momenta, qT is neglected in the transverse momentum balance of the
leptons. This has a negligible effect on the results for M > 10 GeV). Note that in the
region of the Z0 mass, at M ' 90 GeV the Drell–Yan cross section is dominated by the Z0
boson production that is not included in our analysis, hence the data point at M = 90 GeV
is not well described. Except of this region, and for M > 10 GeV where the approximate
treatment of the cuts may be neglected, the GBW agrees well with the data. The theoretical
uncertainty of the GBW predictions due to the choice of the x0 parameter of the dipole
cross section is indicated as the vertical error bars, which are however within the GBW
point size for all the points. The upper values correspond to xˆ0 and the lower ones to the
standard GBW x0. As seen from the figure, the sensitivity to the choice of x0 is found to
be small. The M shape obtained with the BFKL model is consistent with the data but the
overall normalization is slightly overestimated. The overall normalization, however, cancels
in the analysis of the relative twist content so the small discrepancy of this parameter does
not prohibit using this model in the twist analysis. Note that in the qT integrated cross
sections the effects of the CSS resummation cancel [44].
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3 Twist expansion for the helicity structure functions
The forward Drell–Yan helicity structure functions (2.2) can be written as
Wj =
1∫
xF
dz ℘(xF /z)σj(qT , z, Y ), (3.1)
where
σj(qT , z, Y ) =
∫
C
ds
2pii
(
z2Q¯20
M2(1− z)
)−s
σ˜(s, Y )Φˆj(qT ,−s, z). (3.2)
The twist analysis of the forward DY cross section assuming the GBW dipole cross section
was performed analytically in the preceding paper [12].
Below we perform an analogous twist decomposition using the BFKL model of the
color dipole cross section using the method proposed in [41]. Hence, in order to perform
the twist decomposition, we close the contour C with a left semicircle without changing the
value of the integral. The integral over the closed contour is proportional to the sum of
residues at the enclosed singularities. Hence, we express this integral as a sum of integrals
around the singularities, which in this case are at the negative integers. The singularity at
s = −n is identified with the twist-2n contribution to the amplitude. Therefore the cross
section may be decomposed in the following way:
σj(qT , z, Y ) =
∞∑
n=1
σ
(2n)
j (qT , z, Y ), (3.3)
where 2n corresponds to twist-2n term and singularity in s = −n. If the BFKL dipole cross
section is assumed then essential singularities appear at s = −n. A procedure to evaluate
the corresponding residues was described in [41]. The essential singularities are enclosed
by circles with the radius  → 0, and the angle θ parameterizes the position on the circle
corresponding to the singularity at s = −n.
σ
(2n)
j (qT , z, Y ) = −R2pe−nt
2pi∫
0
dθh
(2n)
j (e
iθ, qT , z, Y ) exp
(
eiθ t+
α¯sY

e−iθ
)
, (3.4)
where
h
(2n)
j (e
iθ, qT , z, Y ) = e
iθ
(
z2
1− z
)n− exp iθ
Φˆj(qT , n− eiθ, z) Γ(−n+ eiθ) eα¯sY χ
(n)
reg , (3.5)
and
χ(n)reg = χ
(
−n+ eiθ
)
− e
−iθ

, (3.6)
is a regular function of  in the limit of  → 0 and t = log(M2/Q¯20). Note that the
terms which generate the essential singularities of the BFKL cross section coming from the
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exponentiated poles ∼ 1/ of the BFKL characteristic function were explicitly isolated. The
coefficients h(2n)j can be expanded into an infinite series in ,
h
(2n)
j (e
iθ, qT , z, Y ) =
∞∑
m=0
a(2n)jm
(
eiθ
)m
, (3.7)
where the arguments qT , z, and Y of the series coefficients a
(2n)j
m are suppressed After
substitution of (3.7) into (3.4) and integration over the angle θ one gets,
σ
(2n)
j (qT , z, Y ) = −2piR2p
(
Q¯20
M2
)n ∞∑
m=0
a(2n)jm
(
α¯sY
t
)m
2
Im
(
2
√
α¯sY t
)
, (3.8)
what combined with (3.1) gives
W
(2n)
j = −σ′0
(
Q¯20
M2
)n ∞∑
m=0
1∫
xF
dz a(2n)jm ℘(xF /z)
(
α¯sY
t
)m
2
Im
(
2
√
α¯sSY t
)
, (3.9)
where Im is the modified Bessel function of the first kind. The first few coefficients a
(2n)j
m
of the above expansion are presented in Appendix B. An important property of coefficients
a
(2n)j
m is the dependence on Y as a function of the twist: a
(2n)j
m ∼ exp(−2(n − 1)Y α¯s),
that leads to a general conclusion that the higher twist contributions to the LO BFKL
amplitudes decrease exponentially with the rapidity Y .
4 Results for the helicity structure functions
In this and the next sections we present results of explicit calculations of the forward
Drell–Yan structure functions in pp collisions assuming the LHC energy
√
S = 14 TeV, and
the Drell–Yan pair xF = 0.05. The calculations of the structure functions are carried out in
the Gottfried–Jackson frame. Some earlier results for GBW model were presented in [56].
There are several possible definitions of the Drell–Yan structure functions which are
used for data presentation. The dimensionless structure functions Ai [52] that can be
directly related to coefficients of the lepton angular distribution in the DY pair center of
mass frame:
A0 =
WL
Wtot
, A1 =
WLT
Wtot
, A2 =
2WTT
Wtot
(4.1)
are ratios of the structure functions Wj and Wtot = WT + WL/2. To assess higher twists
effects we calculate also exact (sum of all twists) structure functions by evaluation of integral
(2.2) numerically.
In Fig. 2 we show a comparison between the exact BFKL results, the exact GBW and
the twist 2 GBW components for A0, A1 and A2. We do not show the separated BFKL
twist 2 results, as they cannot be distinguished from the exact results, similarly to the case
of the DIS analysis presented in [41]. The suppression of the higher twist contribution in the
BFKL approach is explicitly illustrated in Fig. 5. It clearly follows from Fig. 2 that there
is a substantial difference between the exact GBW and BFKL predictions. The difference
– 8 –
1 1 0 1 0 0
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
B F K LA 0
q T  [ G e V ]
 E x a c t T w i s t  2
G B W
1 1 0 1 0 0
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
B F K L
A 1
q T  [ G e V ]
 E x a c t T w i s t  2
G B W
1 1 0 1 0 0
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5 G B W
B F K L
 E x a c t T w i s t  2
A 2
q T  [ G e V ]
Figure 2. Coefficiens A0 (top, left), A1 (top, right) and A2 (bottom) as functions of transverse
momentum qT of the intermediate boson. All plots are for M2 = 20 GeV2.
between the models predictions follows mostly from the fact that the BFKL approach takes
into account the transverse momentum parton distribution which is strongly limited in the
GBW case (exponentially dumped). On the other hand the GBW model predicts sizable
contributions from the higher twist terms in contrast to the BFKL expectations dominated
by the leading twist term. Therefore, both models may serve as good benchmarks for the
competition between the transverse momentum distributions and higher twist effects.
An important observable in the analysis of subtle QCD effects beyond the leading twist
collinear approximation, is the Lam–Tung observable ALT = A0−A2. In the collinear QCD
frameworkALT = 0 up to the next-to-next-to leading order. HenceALT is considered to be a
good probe of the higher twist effects and parton transverse momentum effects which do not
compete here with the leading twist collinear contributions. In the left pannel of Fig. 3 the
Lam–Tung observable ALT = A0−A2 is shown as a function of the transverse momentum of
the lepton pair atM2 = 20 GeV2. In the GBW model the twist 2 contribution is consistent
with ALT = 0, that is for the leading twist GBW the Lam–Tung relation is preserved. This
follows explicitly from the analytic expressions for the twist expansion of the forward DY
structure functions. It is expected as the color dipole description of the forward DY process
is based on the partonic diagrams with the topology of the NLO contribution, and the
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GBW model leads to an almost collinear gluon distribution. At qT . 5 GeV the deviations
of ALT from zero appear in the GBW model, that are driven by the twist 4 term between
qT ' 3 GeV and qT ' 5 GeV. Below qT . 3 GeV twist 4 contribution is not sufficient and
even the higher twist contributions become relevant. Within the exact GBW model, the
Lam–Tung relation is broken at the level of 0.1 – 0.2 for qT < 3 GeV due to the higher twist
effects. Hence, within the GBW model of the color dipole cross section, the higher twist
effects are clearly visible at lower values of the lepton pair transverse momentum.
The pattern following from the BFKL scattering amplitudes is different. Significant
violation of the Lam–Tung relation occurs at all of the probed qT range. Recall that
the BFKL amplitudes lead to negligible higher twist contributions. Hence, already the
leading twist contribution of the BFKL model strongly violates the Lam–Tung relation.
This breaking effect is a consequence of the wide transverse momentum distribution of the
virtual gluons coming from the BFKL evolution (the more detailed study of the transverse
momentum effects in the Lam–Tung relation breaking, taking into account also the g∗g∗
channel, was performed in Ref. [33]). In fact, the gluon transverse momentum effects in
the BFKL scattering amplitude lead to stronger breaking of the Lam–Tung relation than
the higher twist effects in the GBW model down to qT = 2 GeV. At lower qT , however, the
higher twist effects from the GBW and the gluon transverse momentum effects from the
BFKL are similar.
In the right panel of Fig. 3 we show the Lam–Tung observable in both models for a very
low mass of the DY pair, M2 = 5 GeV2. At this mass we find a similar pattern to the case
of M2 = 20 GeV2, with slightly enhanced both the higher twist and the gluon transverse
momentum effects. It follows from Fig. 3 that for the Lam–Tung observable at low masses,
lowering the mass does not lead to relative amplification of the higher twist corrections
w.r.t. the parton transverse momentum effects. Hence, even at lower DY pair masses, even
at low qT , and very large energies and in the forward kinematics, the effects of parton
transverse momentum and of the higher twists are expected to have a similar contribution
to the Lam–Tung relation breaking. At higher masses and at larger qT the higher twist
terms become small, but the possible effects of parton kT may still stay sizable, see e.g.
Ref. [33]). These results indicate that the observation of the higher twist contributions in
ALT requires a good control of the parton transverse momentum effects.
5 Twist expansion of the integrated helicity structure functions
It may be useful to study experimentally the forward Drell–Yan structure functions
integrated over qT . They are defined in the following way,
W˜j =
1
2piM2
∫
Wj d
2qT (5.1)
and their Mellin representation takes the form:
W˜j =
∫
C
ds
2pii
∫ 1
xF
dz ℘(xF /z)fj(z)
(
z2Q¯20
4M2(1− z)
)−s
σ˜(s, Y )Hj(−s), (5.2)
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Figure 3. The Lam–Tung observable ALT as a function of qT , at M2 = 20 GeV2 (left) and
M2 = 5 GeV2 (right) assuming the GBW and BFKL scattering amplitudes. For the GBW we show
the twist 2 contribution (vanishing), the twist 4 contribution and the results obtained summing all
twists (“GBW Exact”). For the BFKL cross section the twist 2 component does not differ from the
all-twist-sum (“BFKL Exact”).
where:
fT (z) =
1 + (1− z)2
z2
, fL(z) = fTT (z) =
1− z
z2
, fLT =
(2− z)√1− z
z2
. (5.3)
The rapidity evolution length was defined in (2.6) and for xg we use threshold (qT → 0)
value of (2.7), xg = M2/(SxF ) . The expressions for the Mellin transformed impact factor
Hi(s) were derived in [11, 12] and are listed in Appendix A.2. The formulae for the twist
decomposition of the qT -integrated forward DY structure functions assuming the GBW
dipole cross section were given in [12]. Below we derive the twist expansions for the qT -
integrated DY structure functions with the BFKL exchange using the procedure described
in Sec. 3. Hence we insert the explicit Mellin representation of the BFKL cross section into
the above formula for the integrated structure functions,
W˜j = −σ′0
∫ 1
xF
dz ℘(xF /z)fj(z)
∫
C
ds
2pii
est˜ Γ(s)eα¯sχ(s)Y
(
z2
1− z
)−s
Hj(−s), (5.4)
where t˜ = ln(4M2/Q¯20). Following the steps described in the previous section one gets the
expression for the twist-2n component of the structure functions:
W˜
(2n)
j = −σ′0e−nt˜
∫ 1
xF
dz fj(z)
(
z2
1− z
)n
℘(xF /z)
×
∫ 2pi
0
dθ h˜
(2n)
j (e
iθ, z, Y )
(
z2
1− z
)− exp iθ
exp
(
eiθ t˜+ α¯sY
1
eiθ
)
, (5.5)
where the coefficients h˜(2n)j read
h˜
(2n)
j (e
iθ, z, Y ) = eiθHj(n− eiθ, z)Γ(−n+ eiθ)eα¯sY χ
(n)
reg , (5.6)
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cf. the analogous expression (3.7) for the coefficients h(n)j in the qT -integrated case discussed
in section 3. For j = L, TT, LT , after the integration over θ, the leading twist terms are
given by,
W˜
(2)
j = −σ′0
(
Q¯20
4M2
)∫ 1
xF
dz fj(z)
z2
1− z ℘(xF /z)
×
∞∑
m=0
a˜(2)jm
(
α¯sY
ln(4M2/Q¯20)
)m
2
I|m|
(
2
√
α¯sY ln
4M2
Q¯20
)
(5.7)
where a˜(2n)jm are the expansion coefficients of the functions
h˜
(2n)
j (e
iθ, z, Y )
(
z2
1− z
)− exp iθ
=
∞∑
m=0
a˜(2n)im
(
eiθ
)m
, (5.8)
where the dependence of a˜(2n)jm on the variables z and Y was suppressed. The first two
leading coefficients a˜(2)jm for i = L, TT, LT read:
a˜
(2)L
0 = −
4
3
, a˜
(2)L
1 = −
4
3
(
−2 + 2γE + ln1− z
z2
+ ψ(5/2)
)
, (5.9)
a˜
(2)TT
0 = −
2
3
, a˜
(2)TT
1 =
2
3
(
−3 + γE − ln1− z
z2
+ ln(64) + 2ψ(5/2)
)
, (5.10)
a˜
(2)LT
0 = 0, a˜
(2)LT
1 = 0.5236. (5.11)
Note that for the most leading coefficients a˜(2)j0 the Lam–Tung relation is preserved: a˜
(2)L
0 =
2a˜
(2)TT
0 . This follows from the fact that the most leading coefficients in the  expansion
correspond to the double logarithmic approximation of the BFKL exchange which coincides
with the collinear approximation results. As it is expected, the Lam–Tung relation is broken
by the non-leading coefficients a˜(2)jm , m > 0, that correspond to the BFKL effects beyond
the double logarithmic limit. Also interesting is to note that the leading twist 2 coefficient
a˜
(2)LT
0 = 0 for the structure function W˜LT . As the analytical expression for HLT is not
known, the expansion coefficient a˜(2)LT1 and the coefficients a˜
(2)LT
m , m > 1 (not listed) were
obtained only numerically.
A more sophisticated procedure is necessary to obtain the twist 2 component of W˜T and
the twist components of all the structure functions beyond twist 2, because a logarithmic
divergence of the form ln(1−z) occurs in the integrals corresponding to the twist components
at z → 1. A treatment of such apparent singularities was developed in [11] and we follow
that procedure — see Appendix C for the details.
6 Results for the integrated helicity structure functions
The results in this section are presented using the dimensionless coefficients A˜i:
A˜0 =
W˜L
W˜tot
, A˜1 =
W˜LT
W˜tot
, A˜2 =
2W˜TT
W˜tot
. (6.1)
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Figure 4. The Lam–Tung combination A˜LT = A˜0− A˜2 for the exact (sum of all twists) values and
the twist 4 component in the GBW and BFKL models.
where W˜tot = W˜T + W˜L/2. Additionally, we introduce coefficients λ1, λ2 and λ3 which are
invariant with respect to rotations in the X − Z plane in the lepton center of mass frame
[57]. They read
λ1 =
λθ + 3λφ
1− λφ , λ2 =
1 + (λθ − λφ)/4√
(λθ − λφ)2 + 4λ2θφ
, λ3 = 1− λθ − 4λφ, (6.2)
where
λθ =
W˜T − W˜L
W˜T + W˜L
, λφ =
W˜TT
W˜T + W˜L
, λθφ =
W˜LT
W˜T + W˜L
. (6.3)
In Fig. 4 the Lam–Tung observable A˜LT = A˜0 − A˜2 for the qT -integrated distributions
is presented for the exact values of the GBW and BFKL models A˜(E)LT and for the twist 4
components of the models A˜(4)LT . Recall that in GBW model the twist 4 component provides
the leading contribution to the Lam–Tung observable. It follows from the figure that in
the GBW model the higher twist contributions in A˜LT become visible below M2 = 100
GeV2. However, the BFKL model predicts sizable violation of the Lam–Tung relation in the
integrated DY structure functions in the whole plotted range of the masses (at the leading
twist). The origin of the violation may be traced back to the strong parton transverse
momentum effects in the BFKL approach. These effects are stronger than the GBW higher
twist effects down to M2 = 4 GeV2. Only below that threshold the higher twists prevail.
This supports our previous conclusion that disentanglement of the higher twist effects from
the parton transverse momentum effects requires a careful analysis and acquiring a good
understanding of the parton kT distribution. In BFKL twist 4 is negligible so A˜
(4)
LT is very
close to zero.
In Fig. 5 we illustrate the higher twist contributions to a selected structure function
W˜L using ratios: R
(2)
WL = W˜
(2)
L /W˜
(E)
L − 1 and R(2+4)WL = (W˜ (2)L + W˜ (4)L )/W˜ (E)L − 1. R(2)WL
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R WL
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Figure 5. Ratios R(2)WL = W˜
(2)
L /W˜
(E)
L − 1 and R(2+4)WL = (W˜ (2)L + W˜ (4)L )/W˜ (E)L − 1 in the GBW and
BFKL models. By W˜ (E)L we understand the sum of all twist components.
 G B W B F K L
1 1 0 1 0 0 1 0 0 0 1 0 0 0 01 0 - 5
1 0 - 4
1 0 - 3
1 0 - 2
1 0 - 1
1 0 0
1 0 1
1 0 2
1 0 3
W L T
W T T
W L
W [
mb
]
M 2  [ G e V 2 ]
W T
Figure 6. M2-dependence of the qT -integrated DY structure functions W˜j obtained from the GBW
and BFKL models.
(R(4)WL) is the relative negative contribution of the twist n components with n > 2 (n > 4).
The figure shows that the BFKL result is dominated by the leading twist component, and
the higher twist components enter at the level of 10−3 of the dominant twist 2 term for the
whole range of M2 > 1 GeV2. In the GBW model the twist 4 correction to W˜L becomes
relevant below M2 ' 100 GeV2, and below M2 ' 30 GeV2 all the twist components should
be taken into account.
Fig. 6 shows comparison between the predictions of the GBW and BFKL models for
W˜i structure functions (the exact values). For W˜L, W˜T , and W˜LT the largest differences
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Figure 7. M2-dependence of the angular coefficients A˜i. Left: comparison of the exact values ob-
tained in the BFKL and GBW models. Right: results of the GBW model — the twist 2 component
compared to the exact results. Note that in the GBW model the twist 2 components of A˜0 and A˜2
coincide.
1 1 0 1 0 0 1 0 0 0 1 0 0 0 0- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
A 1 ( 2 )
A 2 ( E )
A 1 ( E )
A 0 ( 2 )  =  A 2 ( 2 )A 0 ( E )
M 2  [ G e V 2 ]
A
Figure 8. Sensitivity of the GBW model predictions to the choice of the x0 model parameter: the
angular coefficients A˜i as functions ofM2 — the twist 2 components compared to the exact results.
The bands reflect the spread due to variation between the original GBW parameter x0 and xˆ0.
between the predictions appear at higher values of M2. In this kinematical range the
higher twist contributions are suppressed and the shape of the curves is determined by the
transverse momentum effects. However, the W˜TT structure function exhibits the opposite
behavior. The largest difference between the BFKL and GBW models appears at the lower
values of M2. One concludes that W˜TT is the particularly sensitive structure function to
the higher twist effects.
The same pattern is found in the dimensionless integrated structure functions A˜i. On
the left hand side of Fig. 7 we show a comparison between predictions of A˜i obtained
with the GBW and BFKL models. Comparing this plot with the right panel of Fig. 7
one concludes that the higher twist contribution in the GBW model starts being visible
already for M2 . 300 GeV2. Note that the coefficient A˜2, that is directly related to W˜TT ,
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Figure 9. The invariant coefficients λi as functions of M2. Left: comparison of the exact
values obtained in the BFKL and GBW models. Right: results of the GBW model — the twist 2
component compared to the exact results.
is particularly sensitive to the effects beyond the leading twist collinear approximation. At
the level of twist 2 the difference between the BFKL model and the GBW model results may
be treated as an approximate measure of the gluon kT effects that are sizable in the BFKL
approach and almost negligible in the GBW model. Comparing the higher twist content
A˜
(E)
2 − A˜(2)2 in the GBW results (see Fig. 7, the right panel) with the spread between the
GBW and BFKL predictions for A˜2, one concludes that forM2 . 30 GeV2 the higher twist
effects that follow from the GBW model are larger than the gluon kT effects following from
the BFKL evolution. Therefore A˜2 at low M2 should be particularly useful observable for
an experimental discrimination between the models and for constraining the higher twist
contributions.
As discussed in Sec. 2, we introduced a modified value of the original x0 parameter
xˆ0 = 2x0 in the model of the GBW dipole cross section. In order to display the sensitivity
of the GBW predictions to this parameter variation we compare in Fig. 8 the twist 2 and
the exact estimates for the qT -integrated angular coefficients Ai obtained with the original
GBW value x0 and the modified value xˆ0. The resulting theoretical uncertainty bands are
found to be rather narrow.
In Fig. 9 we show also the results in terms of invariant coefficients λi, that are valid
in the frames with the Y -axis transverse to the beam — DY pair plane [57]. Particularly
strong higher twist effects in the GBW approach are found in λ2 for M2 . 100 GeV2 (see
the right panel). Note also since λφ  1 and 1 − λ1 = λ3/(1 − λφ) we have 1 − λ1 ≈ λ3
which can be seen on the plot. At the leading twist the GBW model yields λ1 = 1 and
λ3 = 0 that implies that in this approximation the Lam–Tung relation W˜L − 2W˜TT = 0 is
satisfied, as expected.
To sum up, the forward Drell–Yan angular coefficients A˜i in particular A˜2 for M2 .
100 GeV2 are sensitive to the higher twist effects and the measurements at the LHC can be
used to constrain the higher twist contributions.
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7 Conclusions
A study of the forward Drell–Yan cross sections in pp collisions was performed in the
kT factorization framework in the color dipole realizations. We assumed the LHC energy√
S = 14 TeV and the forward kinematics — the Feynman x of the DY pair, xF = 0.05.
There are two important ingredients which influence the Drell–Yan process beyond the
collinear approximation: the higher twist contributions and the transverse momenta of
partons. At lower values of the boson invariant mass M2 and at a very small x, both the
effects are significant and of similar magnitude and may compete with each other. The
disentanglement of those distinct contributions requires a careful analysis of the Drell–
Yan structure functions over a broader range of kinematical parameters. The higher twist
corrections are strongly suppressed at large process scales given by the Drell–Yan pair mass
M and/or the transverse momentum pT . Thus in that kinematical region of M  10 GeV
and/or pT > 10 GeV the higher twist effects may be safely neglected and the parton kT
effects may be isolated. The results may be then used to provide necessary input to fit the
parton transverse momentum distributions. A good and encouraging example is provided
by a recent ATLAS measurement of the Lam–Tung relation breaking at the Z0 boson peak
[9] which may serve as an excellent test for the gluon transverse momentum distributions
[33]. With good understanding of the parton kT achieved, the higher twist effects may
be probed in detail. Hence the observation of the higher twist effects should be possible
at lower values of M2, desirably at M2 < 100 GeV2, and very small x < 10−5 of one of
the partons, and at a low pT . For optimal quality of the higher twist determination, the
measurements of all the Drell–Yan structure functions should be performed, in a wide range
of kinematical parameters. The WTT structure function and the Lam–Tung observable
ALT = A0 − A2 exhibit particularly high sensitivity to effects beyond the leading twist
collinear approximation.
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Appendix
A Impact factors
The Mellin transforms of leptonic impact factors were calculated in [12]. The results for
the qT -dependent impact factors and for the qT -integrated impact factors are the following:
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A.1 The qT -dependent impact factors
ΦˆL(qT , s, z) =
2
z2
{
2Γ2(s+ 1)
1 + q2T /η
2
z
2F1
(
s+ 1, s+ 1, 1,−q
2
T
η2z
)
− Γ(s+ 1)Γ(s+ 2) 2F1
(
s+ 1, s+ 2, 1,−q
2
T
η2z
)}
, (A.1)
ΦˆT (qT , s, z) =
1 + (1− z)2
2z2(1− z)
{
2q2T /η
2
z
1 + q2T /η
2
z
Γ(s+ 1)Γ(s+ 2) 2F1
(
s+ 1, s+ 2, 2,−q
2
T
η2z
)
−Γ(s+ 1)2
[
2F1
(
s+ 1, s+ 1, 1,−q
2
T
η2z
)
−(s+ 1) 2F1
(
s+ 1, s+ 2, 1,−q
2
T
η2z
)]}
, (A.2)
ΦˆTT (qT , s, z) =
1
2z2
{
2pi
Γ(1− s) sinpis q2T /η2z
(
1 +
q2T
η2z
)−s−3
Γ(s+ 2)[(
1 +
q2T
η2z
)(
1 +
q2T
η2z
(s+ 2)
)
2F1
(
−s+ 1, s+ 1, 1, q
2
T
q2T + η
2
z
)
−
(
1 + 2
q2T
η2z
(s+ 1)
)
2F1
(
−s+ 1, s+ 2, 1, q
2
T
q2T + η
2
z
)]
− 4q
2
T /η
2
z
1 + q2T /η
2
z
Γ(s+ 1)Γ(s+ 2) 2F1
(
s+ 1, s+ 2, 2,−q
2
T
η2z
)}
,
(A.3)
ΦˆLT (qT , s, z) =
2− z
z2
√
1− z
{
pi
qT /ηz
(1 + q2T /η
2
z)
s+2
Γ(s+ 2)
Γ(−s− 1) sinpis 2F1
(
−s, s+ 2, 2, q
2
T
q2T + η
2
z
)
− qT /ηz
1 + q2T /η
2
z
Γ2(s+ 1)
[
2F1
(
s+ 1, s+ 1, 1,−q
2
T
η2z
)
+ (s+ 1) 2F1
(
s+ 1, s+ 2, 2,−q
2
T
η2z
)]}
, (A.4)
where η2z = M2(1− z).
A.2 The qT -integrated impact factors
HL =
√
pi Γ3(s+ 1)
Γ
(
s+ 32
) ,
HT =
√
pi Γ(s)Γ(s+ 1)Γ(s+ 2)
4Γ
(
s+ 32
) ,
HTT =
Γ(s)Γ(s+ 1)
[
4s Γ
(
s+ 32
)−√pi Γ(s+ 2)]
2Γ
(
s+ 32
) ,
HLT = −4s−1 Γ2
(
s+
1
2
)
+ χ1(s) + χ2(s), (A.5)
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where:
χ1(s) =
∫ ∞
0
dt
(1 + t2)1/2
∫ ∞
0
dρ ρ2s+1 sin(ρt)K0(ρ),
χ2(s) = −
∫ ∞
0
dt
(1 + t2)3/2
∫ ∞
0
dρ ρ2s sin(ρt)K1(ρ). (A.6)
B Coefficients of twist expansion
Here we present a(2n)im that were obtained by the series expansion of (3.7). Coefficients
for m ≥ 1 are not presented as they are lengthy.
a
(2)T
0 = −
M4(2−(2−z)z)(M4(1−z)2+q4T )
2(q2T+M2(1−z))4
,
a
(2)L
0 = − 4M
6q2T (1−z)2
(q2T+M2(1−z))4
,
a
(2)LT
0 =
M5qT (1−z)(2−z)(q2T−M2(1−z))
(q2T+M2(1−z))4
,
a
(2)TT
0 = − 2M
6q2T (1−z)2
(q2T+M2(1−z))4
,
a
(4)T
0 = −e−2Y α¯s
M6z2(2−(2−z)z)(q2T−2M2(1−z))(M2(1−z)−(2+
√
3)q2T )(M
2(1−z)−(2−√3)q2T )
(q2T+M2(1−z))6
,
a
(4)L
0 = −e−2Y α¯s
4M8z2(1−z)2(M2(1−z)−(5+3
√
2)q2T )(M
2(1−z)−(5−3√2)q2T )
(q2T+M2(1−z))6
,
a
(4)LT
0 = e
−2Y α¯s 2M7qT z2(1−z)(2−z)(5M2(1−z)−q2T )(M2(1−z)−2q2T )
(q2T+M2(1−z))6
,
a
(4)TT
0 = −e−2Y α¯s
12M8q2T z
2(1−z)2(q2T−2M2(1−z))
(q2T+M2(1−z))6
.
(B.1)
Notice that the twist 4 terms are suppressed by the e−2Y α¯s factor. In fact, it turns out
that contribution from the higher twist terms in the BFKL model is negligible as is seen
e.g. from Fig. 5.
C Twist expansion for W˜T in BFKL model
The twist expansion of the structure function W˜T in the BFKL model requires a careful
treatment of the z integration at the singular z → 1 limit. It is performed following the
procedure proposed in Ref. [11]. Hence we rewrite (5.5) for W (2)T in the following form:
W˜
(2)
T = −σ′0e−t˜
∫ 1
xF
dz
∫ 2pi
0
dθ
[
1 + (1− z)2]℘(xF /z) exp(−eiθ lnz2)
× h˜(2)T
(
1
1− z
)1− exp iθ
exp
(
eiθ t˜+ α¯sY
1
eiθ
)
, (C.1)
and then the first line of this expression as:[
1 + (1− z)2] ℘(xF /z) exp(−eiθ lnz2)
= ℘(xF ) +
{[
1 + (1− z)2]℘(xF /z) exp(−eiθ lnz2)− ℘(xF )} .(C.2)
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After the integration of the first term, ℘(xF ), one has:
W˜
(2)′
T = −σ′0
(
Q¯20
4M2
)
℘(xF )
∞∑
m=0
a˜(2)Tm (xF )
(
α¯sY
ln(4M2/Q¯20)
)m−1
2
× I|m−1|
(
2
√
α¯sY ln
4M2
Q¯20
)
. (C.3)
The term {. . .} from (C.2) is proportional to (1 − z) since l.h.s. of (C.2) is analytical
around z = 1. So after substituting this term into (C.1) we get a convergent integral over
z:
W˜
(2)′′
T = −σ′0
(
Q¯20
4M2
) ∞∑
m=0
∫ 1
xF
dz
1− z a˜
(2)T
m (z)
×
{(
1 + (1− z)2)℘(xF /z)(α¯sY/ln 4M2
z2Q¯20
)m
2
I|m|
(
2
√
α¯sY ln
4M2
z2Q¯20
)
− ℘(xF )
(
α¯sY/ln
4M2
Q¯20
)m
2
I|m|
(
2
√
α¯sY ln
4M2
Q¯20
)}
. (C.4)
Twist 2 of W˜T is a sum of W˜
(2)′
T (C.3) and W˜
(2)′′
T (C.4).
Finally, let us give first two a˜(2)Tm coefficients:
a˜
(2)T
0 (z) = −
2
3
, a˜
(2)T
1 (z) =
1
3
[3− 4γE − 2 ln(1− z)− 2ψ(5/2)] . (C.5)
Twist 4 for W˜L, W˜TT and W˜LT could be obtained similarly as W˜
(2)
T . Twist 4 for W˜T
is more complicated because
∫ 1
dz 1/(1 − z)2 divergence occurs, see [11] for the details of
computation in GBW model.
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